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Abstract. In this paper we prove some vanishing theorems for the twisted Dolbeault
cohomology of the complete flag varieties associated to a simple, simply connected
algebraic group.
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1. Introduction
Let G be a simple, simply connected algebraic group defined over an algebraically closed
field k of characteristic zero. Fix a maximal torus T . Let W = NorG(T )/CentG(T ) be the
Weyl group and X(T ) = Hom(T,GL1(k)) be the group of characters. The main results of
this article are as follows:
Theorem (Theorem 1). Let G be a simple simply connected algebraic group over an
algebraically closed field k of characteristic zero. Let p ≥ 0. Let λ be a dominant weight
such that for each µ ∈ Φ−p either λ + µ is dominant or λ + µ + ρ is singular. Then
H p,q(G/B,L (λ )) = 0 for all q ≥ 1.
Let λ = ∑i niωi. For given p ≥ 0, in Proposition 2 we give conditions on ni’s so that λ
satisfies the hypothesis of Theorem 1.
For each simple root α , we define the Coxeter number of α , denoted by hα , as the
number ∑γ∈Φ+α (γ,α∨), where Φ+α = {γ ∈ Φ+|(γ,α∨) > 0}. We prove in Theorem 9
that hα ≤ h, and for a shorter simple root β ,hβ = h, where h is the Coxeter number
of G.
As a corollary of Theorem 1 and Proposition 2, we get the following vanishing theorem:
H p,q(G/B,Lλ ) = 0, q ≥ 1, p ≥ 0, if nk ≥ hαk − 1, ∀k.
Let rank(G)≥ 2 and dim(G/B) = d. In Theorem 12 we give strictly dominant weight
λ such that Hd−1,1(G/B,L (λ )) 6= 0.
We also derive the following corollaries:
1. We show that the Bott vanishing property fails to hold for generalised flag varieties.
2. G/B is not a toric variety.
3. G/B cannot be degenerated to a smooth toric variety in such a manner that ample cone
degenerates to ample cone.
123
124 K Paramasamy
We recall some standard facts about algebraic groups. A standard reference for this
material is [4]. For a finite dimensional T -module V and χ ∈ X(T ), set Vχ = {v ∈V |tv =
χ(t)v, ∀t ∈ T}. The finitely many χ ∈ X(T ) such that Vχ 6= 0 are called weights of the
T -module V and Vχ the weight spaces. Then V decomposes into a direct sum of weight
spaces, i.e. V =
⊕
χi Vχi , where χi are weights.
Let g and h be the Lie algebras of G and T respectively. Let T act on g via the
adjoint representation. The non-zero weights of this representation are called roots and
we denote the set of all roots by Φ. The weight space corresponding to the zero weight
is h. We identify X(T ) canonically as a subset of X(T )⊗R. Let ∆ denote the set of
all simple roots, that is a subset of Φ such that (i) ∆ is a basis of X(T )⊗R, (ii) for
each root α ∈ Φ there exist integers ni of like sign such that α = ∑niαi, αi ∈ ∆. The
number of elements in ∆ is called the rank of the group G. The set of all roots α ∈ Φ
for which the ni are not negative is denoted by Φ+ and an element of Φ+ is called
a positive root. Φ− := Φ−Φ+ is the set of negative roots. Let n =
⊕
α∈Φ+ gα and
n− =
⊕
α∈Φ− gα . Let B be the Borel subgroup of G such that the Lie algebra b of B
is h⊕n−.
There is a natural faithful action of W on X(T )⊗R and there exists a W -invariant
bilinear form (,) on X(T )⊗R. For α ∈ ∆, we denote 2α/(α,α) by α∨. For each
α ∈ Φ, we have reflection sα ∈W defined by sα(ψ) = ψ − (ψ ,α∨)α , ∀ψ ∈ X(T )⊗R.
The set {sα ,α ∈ ∆} generates W . For each αi ∈ ∆ there exists a weight ωi ∈ X(T )
such that (ωi,α∨j ) = δi j (Here δ is the Kro¨necker delta.) These ωi are called funda-
mental weights. The action of W permutes the roots. For w ∈ W we define the length
of w, denoted by l(w), to be the number of positive roots moved by w to negative
roots.
Following Jantzen [4], we denote the sheaf associated to a B-module V by L (V ) =
LG/B(V ) (i.e. the sheaf of sections of the associated vector bundle on G/B). When V = kλ ,
we denote L (kλ ) by L (λ ). The tangent sheaf on G/B ([4], p. 229) is L (g/b). The T
weights on g/b are Φ+.
We say a weight λ = ∑nkωk is dominant (strictly dominant) if nk ≥ 0 (nk > 0). We
denote the set of dominant weight by X(T )+. For w ∈W, λ ∈ X(T ) we have the ‘dot’
action given by w·λ :=w(λ +ρ)−ρ ,where ρ is half sum of positive roots. Now we recall
the Borel–Weil–Bott theorem. Let λ ∈X(T ). If λ ∈X(T )+ then H i(G/B,L (λ )) 6= 0 only
when i = 0, and {H0(G/B,L (λ )) λ ∈ X(T )+} is the set of all simple G-modules. If there
is a w ∈W such that w ·λ ∈ X(T )+ (such a w will be unique) then H i(G/B,L (λ )) 6= 0
only when i = l(w) and H l(w)(G/B,L (λ )) ≃ H0(G/B,L (w ·λ)) and moreover if there
is no such w (equivalently if λ +ρ is singular, i.e. (λ +ρ ,α∨) = 0 for some root α ∈ Φ)
then H i(G/B,L (λ )) = 0, ∀i.
Recall that in [3], Bott proved the following vanishing theorem for the complex projec-
tive space: H∗(Pn,Ωq
Pn
⊗O(k)) = 0, 1≤ k≤ q. We say that a smooth projective variety X
satisfies the Bott vanishing property if the twisted holomorphic forms or Dolbeault coho-
mology H p,q(X ,L )=Hq(X ,Ωp(L )) = 0 for all ample line bundle L, ∀q> 0 and ∀p≥ 0,
where Ωp stands for sheaf associated to the vector bundle ΛpT ∗X and Ωp(L ) = Ωp⊗L .
We use the partial order ‘≥’ in X(T ), for λ1, λ2 ∈ X(T ), we say λ1 ≥ λ2 if λ1−λ2 =
sum of some simple roots. For a simple algebraic group, the Coxeter number is defined as
dim(G)
rank(G) − 1. For the ordering of the simple roots we follow the following diagrams [5]. In
the following diagram the arrows are pointing towards shorter simple root. If there is no
arrow it means that the adjacent roots are of the same length.
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1.1 New notations
Now we introduce some new notations. For any subset S of X(T ) and j ≥ 1, S j := {ν ∈
X(T )|ν = ∑ ji=1 λi,λi ∈ S and λi’s are distinct}. For any finite set S of X(T ), we define an
|S|× rank(G)-matrix associated to S as follows: We represent λ = ∑nkωk ∈ S as tuples
(n1,n2, . . .), and write the elements of S one below the other to get a |S|× rank(G) matrix.
We call the matrix corresponding to Φ+ the positive roots matrix. For α ∈ ∆,Φ+α := {β ∈
Φ+|(β ,α∨)> 0}. We define the Coxeter number of α = hα = ∑β∈Φ+α (β ,α∨).
2. Vanishing theorems
In this section, we study conditions on dominant weights λ so that H p,q(G/B,L (λ )) = 0
for all q≥ 1 and p ≥ 0.
Theorem 1. Let p ≥ 0. Let λ be a dominant weight such that for each µ ∈ Φ−p either
λ + µ is dominant or λ + µ +ρ is singular. Then H p,q(G/B,L (λ )) = 0 for all q ≥ 1.
Proof. The proof follows from the following observations:
1. By the hypothesis and by the Borel–Weil–Bott theorem, for any weight ν of Λpn−⊗
kλ , we have Hq(G/B,L (ν)) = 0 for all q ≥ 1.
2. Any lowest weight λ1 of Λpn−⊗kλ will give a one-dimensional B-submodule kλ1 . Let
V1 be V/kλ1 . Then we will have a short exact sequence of B-modules; 0 −→ kλ1 −→
V −→V1 −→ 0.
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3. The above short exact sequence induces the following long exact sequence:
0 → H0(G/B,L (λ1))→H p,0(G/B,L (λ ))→ H0(G/B,L (V1))
→ H1(G/B,L (λ1))→H p,1(G/B,L (λ ))→ H1(G/B,L (V1))
→ H2(G/B,L (λ1))→H p,2(G/B,L (λ ))→ ··· · · · · · ·
4. By 1 and 3, we have H p,q(G/B,Lλ ) ≃ Hq(G/B,L (V1)) for all q ≥ 1. Now we
repeat steps 2 and 3 with the B-module V1. Let λ2 be the lowest weight of V1 and
V2 =V1/kλ1 . As before we get H
q(G/B,L (V1)≃Hq(G/B,L (V2) for all q≥ 1. After
a finite number of steps we end up with a two-dimensional B-module V j such that
Hq(G/B,L (V j)) = 0 for all q ≥ 1. This proves the theorem.
We now make explicit computations to give more delicate bound on the λ for vanishing
results. For this we use the classification of simple algebraic groups.
PROPOSITION 2.
(A) Let G be a simply connected algebraic group of type An. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


nk ≥ p when 0 ≤ p ≤ n− 1
nk ≥ n when n ≤ p ≤
n2− n+ 2
2
nk ≥
n2 + n+ 2− 2p
2
when n
2− n+ 4
2
≤ p ≤
n(n+ 1)
2
.
(B) Let G be a simply connected algebraic group of type Bn. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


nk ≥ p,k 6= n;nn ≥ 2p− 1 when 0 ≤ p ≤ n− 1
nk ≥ p,k 6= n;nn ≥ 2n− 1 when n ≤ p ≤ 2n− 3
nk ≥ 2n− 2,k 6= n;nn ≥ 2n− 1 when 2n− 2≤ p ≤ n2− 2n+ 3
nk ≥ n
2 + 1− p, when n2− 2n+ 4≤ p
k 6= n;nn ≥ 2n− 1 ≤ n2− n+ 1
nk ≥ n
2 + 1− p, when n2− n+ 2≤ p ≤ n2
k 6= n;nn ≥ 2n2 + 1− 2p
.
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(C) Let G be a simply connected algebraic group of type Cn. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


nk ≥ 2p− 1,k 6= n;nn ≥ p when p = 1,2
nk ≥ p+ 1,k 6= n;nn ≥ p when 3 ≤ p ≤ n− 1
nk ≥ p+ 1,k 6= n;nn ≥ n when n ≤ p ≤ 2n− 3
nk ≥ 2n− 1,k 6= n;nn ≥ n when 2n− 2≤ p ≤ n2− 2n+ 3
nk ≥ 2n− 3,k 6= n;nn ≥ n when p = n2− 2n+ 4
nk ≥ n
2 + 1− p, when n2− 2n+ 5
k 6= n;nn ≥ n ≤ p ≤ n2− n+ 1
nk ≥ n
2 + 1− p, when n2− n+ 2≤ p ≤ n2
k 6= n;nn ≥ n2 + 1− p
.
(D) Let G be a simply connected algebraic group of type Dn. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


nk ≥ p when 0 ≤ p ≤ 2n− 4
nk ≥ 2n− 3 when 2n− 3≤ p ≤ n2− 3n+ 4
nk ≥ n
2− n+ 1− p when n2− 3n+ 5≤ p ≤ n2− n
.
(E6) Let G be a simply connected algebraic group of type E6. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


nk ≥ p when 0 ≤ p ≤ 10
nk ≥ 11 when 11≤ p ≤ 26
nk ≥ 37− p when 27≤ p ≤ 36
.
(E7) Let G be a simply connected algebraic group of type E7. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


nk ≥ p when 0 ≤ p ≤ 16
nk ≥ 17 when 17≤ p ≤ 47
nk ≥ 64− p when 48≤ p ≤ 63
.
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(E8) Let G be a simply connected algebraic group of type E8. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


nk ≥ p when 0 ≤ p ≤ 28
nk ≥ 29 when 29 ≤ p ≤ 92
nk ≥ 121− p when 93 ≤ p ≤ 120
.
(F4) Let G be a simply connected algebraic group of type F4. Let λ = ∑nkωk. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


n1,n2 ≥ p;n3,n4 ≥ 2p− 1 when 0 ≤ p ≤ 4
n1,n2 ≥ p;n3,n4 ≥ p+ 3 when 5 ≤ p ≤ 7
n1,n2 ≥ 8;n3,n2 ≥ 11 = hk− 1 when 8 ≤ p ≤ 17
n1,n2 ≥ 25− p; when 18 ≤ p ≤ 20
n3,n4 ≥ 45− 2p
nk ≥ 25− p when 21 ≤ p ≤ 24
.
(G2) Let G be a simply connected algebraic group of type G2. Let λ = nω1 +mω2. Then
H p,q(G/B,L (λ )) = 0,∀ q ≥ 1,
if


n,m≥ 1 when p = 1,6
n ≥ 2,m≥ 4 when p = 2,5
n ≥ 3,m≥ 5 when p = 3,4
.
Proof. We consider the set of weights of Λpn−⊗kλ . By our notation this set is Φ−p +{λ}.
Our aim is to make all ν ∈Φ−p +{λ} either dominant or λ +ν singular for suitable choice
of λ . For that we give condition on (λ ,α∨i ) so that (ν,α∨i )≥−1 for all αi ∈ ∆. To avoid
complications we include only simple singularities, i.e. we give conditions on (λ ,α∨i ) so
that either ν ∈ X(T )+, or there exists a simple root α such that (ν +ρ ,α∨) = 0.
If we know in each column of the ‘positive roots matrix’, what the positive entries, the
negative entries, and the zeros are, and how many times they appear, then we can compute
easily what the maximum positive value is which can occur in (µ ,α∨i ) for all α∨i ∈ ∆,
where µ runs over Φ+p . Suppose that this number is ni, then we demand that λ satisfy the
inequalities (λ ,α∨i )≥ ni− 1∀i.
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The following observation will be useful in writing down the conditions stated in the
proposition. In the positive root matrix, suppose there are m1 positive entries and m2
negative entries and m3 zeros in the ith column. Then the maximum among the positive
entries in the ith column of the matrix corresponding to Φ+p increases when p increases
from zero to m1 (how quickly it increases depends on what the positive entries are (with
repetition)); it will be non-decreasing when p increases from m1 to m1 +m3, and then it
starts decreasing (again, how quickly it decreases depends on how many negative entries
there are (with repetition)).
We give the needed information about the positive roots matrix in the following table.
0 1 2 3 −1 −2 −3
An
n2− 3n+ 2
2
n− 1 1 0 n− 1 0 0
Bn Short n2− 2n+ 1 0 n 0 0 n− 1 0
Long n2− 4n+ 5 2n− 3 1 0 2n− 3 0 0
Cn Short n2− 4n+ 5 2n− 4 2 0 2n− 4 1 0
Long n2− 2n+ 1 n− 1 1 0 n− 1 0 0
Dn n2− 5n+ 7 2n− 4 1 0 2n− 4 0 0
E6 15 10 1 0 10 0 0
E7 30 16 1 0 16 0 0
E8 63 28 1 0 28 0 0
F4 Short 9 4 4 0 4 3 0
Long 9 7 1 0 7 0 0
G2 Short 1 1 1 1 1 0 1
Long 1 2 1 0 2 0 0
Remark 3. We do not present all the computations of the table mainly for want of space.
However, we give some computations for classical groups in the next section. We give
explicitly the matrix corresponding to Φ+ for all the exceptional groups in Appendix A.
Remark 4. Let λ = ∑nkωk. We gave conditions on nk’s depending on p so as to have
H p,q(G/B,L (λ )) = 0,∀q≥ 1. But conversely the vanishing H p,q(G/B,L (λ )) = 0,∀q≥
1 need not imply that the nk’s satisfy such conditions. For example let G be of type E6
and let p = dim(G/B)−1. If λ = 2ρ−ω2 or λ = ρ then λ will not satisfy the conditions
given in the theorem but H p,q(G/B,L (λ )) = 0,∀q ≥ 1.
COROLLARY 5.
H p,q(G/B,L (λ )) = 0,∀ q≥ 1,∀p ≥ 0, when nk ≥ hαk − 1, ∀k.
Proof. It follows from Proposition 2 and Theorem 1.
The following corollary is a weaker version of the above corollary.
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COROLLARY 6.
H p,q(G/B,L (λ )) = 0,∀ q≥ 1,∀p ≥ 0, when nk ≥ h− 1, ∀k.
Remark 7. We could directly prove Corollary 6 along the same lines of the proof of The-
orem 1 with the following observations. This is due to Andersen and Jantzen [1]. Let ν
be a weight of Λ jn−, for some j. Then maxα∈Φ |(ν +ρ ,α∨)| ≤ h− 1.
Proof. Recall that ρ is the half sum of positive roots. Since ν is the sum of some distinct
negative roots, we have ν + ρ = 12 ∑α∈S α − 12 ∑α∈S′ α where S′ ⊂ Φ+ such that ν =
∑α∈S′−α, and S = Φ+− S′. Since W acts on Φ, w(ν +ρ) will be of the above form and
hence w(ν +ρ)≤ ρ , ∀ w ∈W. Now fix w such that w(ν +ρ) ∈ X(T )+.
One has
max
α∈Φ
|(ν +ρ ,α∨)|= max
α∈Φ
|(w(ν +ρ),α∨)|
= max
α∈Φ
(w(ν +ρ),α∨)≤ max
α∈Φ
(ρ ,α∨) = h− 1
which gives the inequality quoted in the above remark.
3. A remark on the Coxeter number
From the above table, we can easily obtain the following lemma.
Lemma 8.
(a) If αi, α j ∈ ∆ such that |αi|= |α j| then hαi = hα j .
(b) If αi, α j ∈ ∆ such that |αi| ≤ |α j| then hαi ≥ hα j .
Proof. As we mentioned, the proof can be read off from the table. However, we give a
conceptual proof for (a). Let α ∈ Φ+. For any γ ∈ Φ+−{α}, consider the α-string γ −
pα, . . . ,γ+qα through γ , where p−q=(γ,α∨). It follows that (γ−(p− i)α,α∨)=−p−
q+ 2i = −(γ +(q− i)α,α∨). Since γ ∈ Φ+−{α}, is in a unique α-string of maximum
length, we have hα = ∑γ∈Φ+α (γ,α∨) =
1
2(2+∑γ∈Φ+ |(γ,α∨)|) = 14 (4+∑γ∈Φ |(γ,α∨)|).
Now since the pairing (,) is W -invariant and since W acts transitively on the set of roots
of G of the same length, (a) follows.
Theorem 9. Let h be maxα∈∆{hα}. The number h coincides with the Coxeter number h.
Proof. The proof we give uses the Dynkin classification. The proof follows from the table.
Since we have not given computation of the table, here we give the proof for certain cases
in classical type. Appendix A gives complete proofs for all the exceptional groups.
1. An type
Any root γ ∈ Φ+ is a linear combination of simple roots with coefficient 0 or 1. Let
{α1, α2, . . . , αn} be a set of simple roots (with the usual order). We write the positive
roots as an ordered linear combination of simple roots (i.e. if α1 appears in the linear
combination then it should appear first and then α2 and so on). Let αi be a simple root.
It is clear that for γ ∈ Φ+, (γ,α∨i )> 0 (i.e. when we write γ in terms of fundamental
weights, the coefficient of ωi is strictly positive) iff γ begins with αi or ends with αi.
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The number of positive roots beginning with αi is n+ 1− i (the roots are αi, αi +
αi+1, . . . ,αi+αi+1+ · · ·+αn), and the number of positive roots ending with αi is i (the
roots are αi, αi−1 +αi, . . . , α1 +α2 + · · ·+αi). Note that we have counted αi twice.
Therefore the total number of positive roots with ωith coefficient strictly positive is
n. Among all such positive roots, only αi will have ωith coefficient to be 2, all other
positive roots will have coefficient to be 1. So hαi = n+ 1, ∀i, hence h = n+ 1 = h.
2. Bn type
We compute hαn . The positive roots with ωnth coefficient strictly positive are
αn, αn−1 +2αn, αn−2 +αn−1+2αn, . . . , α1 + · · ·+αn−1+2αn, and they all will have
ωnth coefficient 2, hence h = hαn = 2n = h.
3. Cn type
We compute hα1 . The positive roots with ω1th coefficient strictly positive are
α1, α1 +α2, α1 +α2 +α3, . . . , α1 + · · ·+αn (total number is n), and α1 +α2 +2α3+
· · ·+2αn−1 +αn, α1 +α2 +α3 +2α4 + · · ·+2αn−1 +αn, . . . , α1 +α2 + · · ·+αn−2 +
2αn−1 +αn (total number is n− 3, and 2α1 + 2α2 + · · ·+ 2αn−1 +αn. All of them
will have ω1th coefficient 1, except α1 and 2α1 + 2α2 + · · ·+ 2αn−1 +αn, and ω1th
coefficient of these two weights will be 2, hence h = hαn = 2n = h.
4. Dn type
We compute hα1 . The positive roots with ω1th coefficient strictly positive are α1, α1+
α2, α1 +α2 + · · ·+αn (total number is n), and α1 +α2 + · · ·+αn−2 +αn, and α1 +
α2 + 2α3 + · · ·+ 2αn−2 + αn−1 + αn, α1 + α2 + α3 + 2α4 + · · ·+ 2αn−2 + αn−1 +
αn, . . . , α1 +α2 + · · ·+αn−3 +2αn−2 +αn−1 +αn (total number is n−4). All of them
will have ω1th coefficient 1 except α1, and α1 will have 2, and hence hα1 = h =
2n− 2= h.
4. Remarks on Bott vanishing property
In this section we prove that the Bott vanishing property fails to hold on generalised flag
varieties. More precisely, we prove that for a simple, simply connected algebraic group
G of rank ≥ 2, there exists ample line bundle Lλ with Hd−1,1(G/B,L (λ )) 6= 0, where
d = dim(G/B). Since G/B is defined over Z, the non-vanishing results hold even in prime
characteristic for large primes.
Lemma 10. Let V be a finite dimensional B-module with a one-dimensional B-
submodule kλ and let U be the quotient module V/kλ . If λ ∈ X(T )−W ·X(T )+ then
H i(G/B,L (V ))≃ H i(G/B,L (U)),∀i.
Proof. Consider the short exact sequence of B-modules 0 → Kλ → V → U → 0. This
induces a long exact sequence of cohomology modules
0 →H0(G/B,L (λ ))→H0(G/B,L (V ))→H0(G/B,L (U))
→H1(G/B,L (λ ))→H1(G/B,L (V ))→H1(G/B,L (U))
→H2(G/B,L (λ ))→H2(G/B,L (V ))→H2(G/B,L (U))→ ···
By the Borel–Weil–Bott theorem we know that H i(G/B,L (λ )) = 0 for all i.
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Lemma 11.
(i) Let G be simple group with rank(G) ≥ 4, other than type F4 and Dn. Let
λ = 2ρ −αn−2−αn−1. Then λ is strictly dominant and the weights of Λd−1n−⊗ kλ
all lie in X(T ) −W · X(T )+ except −αn−1,−αn−2,0. More precisely, if µ is
a weight of Λd−1n− ⊗ kλ and µ 6∈ {−αn−2,−αn−1,0}, then there exists a
ν ∈ {αn−2,αn−1,αn−2 +αn−1} such that (µ +ρ ,ν∨) = 0.
(ii) Let G be a simple group of rank 2 or rank 3 or of type F4. Let λ = 2ρ −α1 −α2.
Then λ is strictly dominant and the weights of Λd−1n−⊗ kλ all lie in X(T )−W ·
X(T )+ except −α2,−α1,0 (for G2, in addition to this we will have (0,1) also as
a non-singular weight). More precisely, if µ is a weight of Λd−1n−⊗ kλ and µ 6∈
{−α1,−α2,0}, then there exists a ν ∈ {α1,α2,α1 +α2} such that (µ +ρ ,ν∨) = 0.
(iii) Let G be Dn type. Let λ = 2ρ −αn−3 −αn−2. Then λ is strictly dominant and the
weights of Λd−1n−⊗ kλ all lie in X(T )−W ·X(T )+ except −αn−2,−αn−3,0. More
precisely, if µ is a weight of Λd−1n−⊗ kλ and µ 6∈ {−αn−3,−αn−2,0}, then there
exists a ν ∈ {αn−3,αn−2,αn−3 +αn−2} such that (µ +ρ ,ν∨) = 0.
Proof. For the exceptional groups, we could verify the lemma directly from the tables
given in the Appendix.
For the classical groups we essentially need to prove the statements for rank 4 and rank
5 groups for Dn type, for other types rank ≤ 4 groups. For these groups it is very easy to
check it by hand. For the convenience of the reader we give the table of positive roots in
these cases. Then we can easily check the statements.
A4 B4 C4
(1 0 0 0) ! ( 2 −1 0 0) (1 0 0 0) ! ( 2 −1 0 0) (1 0 0 0) ! ( 2 −1 0 0)
(0 1 0 0) ! (−1 2 −1 0) (0 1 0 0) ! (−1 2 −1 0) (0 1 0 0) ! (−1 2 −1 0)
(0 0 1 0) ! ( 0 −1 2 −1) (0 0 1 0) ! ( 0 −1 2 −2) (0 0 1 0) ! ( 0 −1 2 −1)
(0 0 0 1) ! ( 0 0 −1 2) (0 0 0 1) ! ( 0 0 −1 2) (0 0 0 1) ! ( 0 0 −2 2)
(1 1 0 0) ! ( 1 1 −1 0) (1 1 0 0) ! ( 1 1 −1 0) (1 1 0 0) ! ( 1 1 −1 0)
(0 1 1 0) ! (−1 1 1 −1) (0 1 1 0) ! (−1 1 1 −2) (0 1 1 0) ! (−1 1 1 −1)
(0 0 1 1) ! ( 0 −1 1 1) (0 0 1 1) ! ( 0 −1 1 0) (0 0 1 1) ! ( 0 −1 0 1)
(1 1 1 0) ! ( 1 0 1 −1) (1 1 1 0) ! ( 1 0 1 −2) (1 1 1 0) ! ( 1 0 1 −1)
(0 1 1 1) ! (−1 1 0 1) (0 1 1 1) ! (−1 1 0 0) (0 1 1 1) ! (−1 1 −1 1)
(1 1 1 1) ! ( 1 0 0 1) (0 0 1 2) ! ( 0 −1 0 2) (0 0 2 1) ! ( 0 −2 2 0)
(1 1 1 1) ! ( 1 0 0 0) (1 1 1 1) ! ( 1 0 −1 1)
(0 1 1 2) ! (−1 1 −1 2) (0 1 2 1) ! (−1 0 1 0)
(1 1 1 2) ! ( 1 0 −1 2) (1 1 2 1) ! ( 1 −1 1 0)
(0 1 2 2) ! (−1 0 1 0) (0 2 2 1) ! (−2 2 0 0)
(1 1 2 2) ! ( 1 −1 1 0) (1 2 2 1) ! ( 0 1 0 0)
(1 2 2 2) ! ( 0 1 0 0) (2 2 2 1) ! ( 2 0 0 0)
B2 A3 B3 C3
(1 0) ! ( 2 −2) (1 0 0) ! ( 2 −1 0) (1 0 0) ! ( 2 −1 0) (1 0 0) ! ( 2 −1 0)
(0 1) ! (−1 2) (0 1 0) ! (−1 2 −1) (0 1 0) ! (−1 2 −2) (0 1 0) ! (−1 2 −1)
(1 1) ! ( 1 0) (0 0 1) ! ( 0 −1 2) (0 0 1) ! ( 0 −1 2) (0 0 1) ! ( 0 −2 2)
(1 2) ! ( 0 2) (1 1 0) ! ( 1 1 −1) (1 1 0) ! ( 1 1 −2) (1 1 0) ! ( 1 1 −1)
(0 1 1) ! (−1 1 1) (0 1 1) ! (−1 1 0) (0 1 1) ! (−1 0 1)
(1 1 1) ! ( 1 0 1) (1 1 1) ! ( 1 0 0) (1 1 1) ! ( 1 −1 1)
(0 1 2) ! (−1 0 2) (0 2 1) ! (−2 2 0)
(1 1 2) ! ( 1 −1 2) (1 2 1) ! ( 0 1 0)
(1 2 2) ! ( 0 1 0) (2 2 1) ! ( 2 0 0)
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D4 D5
(1 0 0 0) ! ( 2 −1 0 0) (1 0 0 0 0) ! ( 2 −1 0 0 0)
(0 1 0 0) ! (−1 2 −1 −1) (0 1 0 0 0) ! (−1 2 −1 0 0)
(0 0 1 0) ! ( 0 −1 2 0) (0 0 1 0 0) ! ( 0 −1 2 −1 −1)
(0 0 0 1) ! ( 0 −1 0 2) (0 0 0 1 0) ! ( 0 0 −1 2 0)
(1 1 0 0) ! ( 1 1 −1 −1) (0 0 0 0 1) ! ( 0 0 −1 0 2)
(0 1 1 0) ! (−1 1 1 −1) (1 1 0 0 0) ! ( 1 1 −1 0 0)
(0 1 0 1) ! (−1 1 −1 1) (0 1 1 0 0) ! (−1 1 1 −1 −1)
(1 1 1 0) ! ( 1 0 1 −1) (0 0 1 1 0) ! ( 0 −1 1 1 −1)
(1 1 0 1) ! ( 1 0 −1 1) (0 0 1 0 1) ! ( 0 −1 1 −1 1)
(0 1 1 1) ! (−1 0 1 1) (1 1 1 0 0) ! ( 1 0 1 −1 −1)
(1 1 1 1) ! ( 1 −1 1 1) (0 1 1 1 0) ! (−1 1 0 1 −1)
(1 2 1 1) ! ( 0 1 0 0) (0 0 1 1 1) ! ( 0 −1 0 1 1)
(0 1 1 0 1) ! (−1 1 0 −1 1)
(1 1 1 1 0) ! ( 1 0 0 1 −1)
(0 1 1 1 1) ! (−1 1 −1 1 1)
(1 1 1 0 1) ! ( 1 0 0 −1 1)
(1 1 1 1 1) ! ( 1 0 −1 1 1)
(0 1 2 1 1) ! (−1 0 1 0 0)
(1 1 2 1 1) ! ( 1 −1 1 0 0)
(1 2 2 1 1) ! ( 0 1 0 0 0)
Let G be a classical group (other than Dn type). We prove the lemma for the higher
rank groups. Similar proof holds for Dn type also. Let G be of rank ≥ 4. Note that
the weights of Λd−1n−⊗ kλ are α −αn−2 −αn−2, α ∈ Φ+. Let α = β + γ , where β
involves simple roots α1, . . ., αn−4 and γ involves simple roots αn, αn−1, αn−2, αn−3. Let
ν ∈ {αn−2, αn−1, αn−2 +αn−1} then (β ,ν∨) = 0. Now (α −αn−2 −αn−2 + ρ ,ν∨) =
(β ,ν∨) + (γ − αn−2 − αn−2 + ρ ,ν∨). We could ‘think of’ γ as positive root of rank
≤ 4 group, which proves the lemma. (In the case of type Bn, for the root α = α1 +
2α2 + 2α3 + · · ·+ 2αn, γ will be 2αn−3 + 2αn−2 + 2αn−1 + 2αn, which will not be a
root of B4, but we can easily see that for ν = αn−2 +αn−1, (γ −αn−2 −αn−1 + ρ ,ν∨)
= 0.)
Theorem 12. Let G be an algebraic group with rank(G) ≥ 2. Let λ be as given in the
above lemma. Then Hd−1,1(G/B,L (λ )) 6= 0.
Proof. Arrange the weights of Λd−1n−⊗ kλ as λ1, . . . ,λd such that if s < t then λt 6≤ λs;
in other words, λs is the lowest weight in the set of weights {λs+1,λs+2, . . . ,λd} for all s.
There are several ways to arrange the weights with the said property. Note that the weights
of Λd−1n−⊗kλ are α−β , α ∈Φ+ where λ = 2ρ−β . We arrange the weight as follows:
α1−β , α2−β , . . ., αn−β , α1 +α2−β , α2 +α3−β , . . ..
If we choose λ as given in Lemma 11, the arrangement of weights of Λd−1n⊗ kλ
will be of the following form: . . ., µ1, µ2, . . ., 0, . . .. From Lemma 11, it is clear that if
there are weights in the dotted places, they all will lie in X(T )−W ·X(T )+. From the
Borel–Weil–Bott theorem H i(G/B,L (µ j)) 6= 0 only when i = 1, for both j = 1,2, and
H i(G/B,L (0)) 6= 0 only when i = 0 (note that there will be one extra dominant weight
contributing to H0(G/B) after zero weight in case of G2, the same technique of the proof
will do even in this case). (⋆)
Let V1 = (Λpn−⊗ kλ )/kλ1 . Then we have short exact sequence 0 → kλ1 → Λ
pn−⊗
kλ →V1 → 0. This induces the following long exact sequence of cohomology modules.
0 →H0(G/B,L (λ1))→ H p,0(G/B,L (λ ))→H0(G/B,L (V1))
→H1(G/B,L (λ1))→ H p,1(G/B,L (λ ))→H1(G/B,L (V1))
→H2(G/B,L (λ1))→ H p,2(G/B,L (λ ))→H2(G/B,L (V1))→ ···
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By our arrangement of weights λ2 will be the lowest weight among all the weights of V1.
Let V2 =V1/kλ2 . As before we will have a short exact sequence 0→ kλ1 →V1 →V2 → 0.
Which will induce the long exact sequences of cohomology modules. Proceeding like this
we will have several exact sequences, but by Lemma 10, we essentially need to consider
only three (in case of G2 four) long exact sequences which involve the weights µ1, µ2, 0.
The three exact sequence are as follows:
0 →H0(G/B,L (µ1))→H0(G/B,L (Vs))→ H0(G/B,L (Vs+1))
→H1(G/B,L (µ1))→H1(G/B,L (Vs))→ H1(G/B,L (Vs+1))
→H2(G/B,L (µ1))→H2(G/B,L (Vs))→ ···
0 →H0(G/B,L (µ2))→H0(G/B,L (Vs+1))→H0(G/B,L (Vs+2))
→H1(G/B,L (µ2))→H1(G/B,L (Vs+1))→H1(G/B,L (Vs+2))
→H2(G/B,L (µ2))→ ···
0 →H0(G/B,L (0))→ H0(G/B,L (Vt))→H0(G/B,L (Vt+1))
→H1(G/B,L (0))→ H1(G/B,L (Vt))→H1(G/B,L (Vt+1))
→H2(G/B,L (0))→ H2(G/B,L (Vt))→ ···
If we use (⋆) and the Borel–Weil–Bott theorem, we could easily see that H1(G/B,L (Vs))
6= 0. Again by Lemma 10 and the fact that weights appeared before µ1 are all in
X(T )−W ·X(T )+, we can easily see that H p,1(G/B,L (λ )) 6= 0.
The following corollary is an immediate consequence of Theorem 12.
COROLLARY 13.
Let G be a simple simply connected algebraic group with rank(G) ≥ 2. Then G/B does
not satisfy Bott vanishing property.
Remark 14. Our motivation to prove Theorem 11 was Corollary 13. This is the reason
why we wanted strict dominant weights. If we just want the result for dominant weights
there are families of weights for which higher cohomology survives. For example, let
G be of type A2. Let λ = nω1 +mω2. If n = 0 and m ≥ 2 or n ≥ 2 and m = 0 then
H2,1(G/B,L (λ )) 6= 0.
Remark 15. Let λ = ∑nkωk and d = dim(G/B). If nk ≥ 1,∀k then Lλ will be ample. By
Theorem 1, for i ≥ 1 to get Hd−1,i(G/B,Lλ ) 6= 0 we cannot assume all nk are ‘bigger’.
One natural candidate with all its coefficients positive is ρ = (1, . . . ,1). But we note that
if G is not of type A2 all cohomology groups vanish for λ = ρ .
Theorem 16. Let G be a simple, simply connected algebraic group with rank(G) ≥ 2.
Then
(i) G/B is not a toric variety.
(ii) G/B cannot be degenerated to a smooth toric variety in such a manner that ample
cone degenerates to ample cone.
Proof.
(i) Since G/B is smooth, if it is a toric variety it has to satisfy Bott vanishing property
(cf. [2]), which contradicts Corollary 13.
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(ii) Suppose it degenerates to a smooth toric variety such that the ample cone degenerates
to the ample cone, then by [2] and semicontinuity theorem, G/B will satisfy Bott
vanishing property, which contradicts Corollary 13.
Remark 17.
1. The fact that G/B is not a toric variety could possibly be checked by pure topolog-
ical criteria, for example by computing the integral cohomology and observing that
for smooth projective toric variety the integral cohomology ring is generated by the
second cohomology. Since the integral cohomology of SL(n)/B is generated as a ring
by degree 2 elements, this criterion will not help to conclude SL(n)/B is not a toric
variety.
2. One could compare the rank of the connected component of automorphism group of
G/B(= G/Z(G) where Z(G) is the center of G) with the dimension of G/B.
3. The above methods can be used to prove Theorem 16(i) but not Corollary 13 or Theo-
rem 16(ii).
Appendix A
The following is the set of all positive roots of exceptional groups. We are presenting them
in terms of both simple roots and fundamental weights. It will be useful to order them and
to apply Borel–Weil–Bott theorem. The left-hand side is the coefficient of positive roots
with respect to the simple roots, and the right-hand side is with respect to the fundamental
weights.
A.1 Positive roots of G2 and F4
G2 F4
(1 0) ! ( 2 −3) (1 0 0 0) ! ( 2 −1 0 0)
(0 1) ! (−1 2) (0 1 0 0) ! (−1 2 −2 0)
(1 1) ! ( 1 −1) (0 0 1 0) ! ( 0 −1 2 −1)
(1 2) ! ( 0 1) (0 0 0 1) ! ( 0 0 −1 2)
(1 3) ! (−1 3) (1 1 0 0) ! ( 1 1 −2 0)
(2 3) ! ( 1 0) (0 1 1 0) ! (−1 1 0 −1)
(0 0 1 1) ! ( 0 −1 1 1)
(1 1 1 0) ! ( 1 0 0 −1)
(0 1 1 1) ! (−1 1 −1 1)
(1 1 l 1) ! ( 1 0 −1 1)
(0 1 2 0) ! (−1 0 2 −2)
(1 1 2 0) ! ( 1 −1 2 −2)
(0 1 2 1) ! (−1 0 1 0)
(1 2 2 0) ! ( 0 1 0 −2)
(1 1 2 1) ! ( 1 −1 1 0)
(0 1 2 2) ! (−1 0 0 2)
(1 1 2 2) ! ( 1 −1 0 2)
(1 2 2 1) ! ( 0 1 −1 0)
(1 2 2 2) ! ( 0 1 −2 2)
(1 2 3 1) ! ( 0 0 1 −1)
(1 2 3 2) ! ( 0 0 0 1)
(1 2 4 2) ! ( 0 −1 2 0)
(1 3 4 2) ! (−1 1 0 0)
(2 3 4 2) ! ( 1 0 0 0)
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A.2 Positive roots of E6
(1 0 0 0 0 0) ! ( 2 0 −1 0 0 0)
(0 1 0 0 0 0) ! ( 0 2 0 −1 0 0)
(0 0 1 0 0 0) ! (−1 0 2 −1 0 0)
(0 0 0 1 0 0) ! ( 0 −1 −1 2 −1 0)
(0 0 0 0 1 0) ! ( 0 0 0 −1 2 −1)
(0 0 0 0 0 1) ! ( 0 0 0 0 −1 2)
(1 0 1 0 0 0) ! ( 1 0 1 −1 0 0)
(0 1 0 1 0 0) ! ( 0 1 −1 1 −1 −1)
(0 0 1 1 0 0) ! (−1 −1 1 1 −1 0)
(0 0 0 1 1 0) ! ( 0 −1 −1 1 1 −1)
(0 0 0 0 1 1) ! ( 0 0 0 −1 1 1)
(1 0 1 1 0 0) ! ( 1 −1 0 1 −1 0)
(0 1 1 1 0 0) ! (−1 1 1 0 −1 0)
(0 1 0 1 1 0) ! ( 0 1 −1 0 1 −1)
(0 0 1 1 1 0) ! (−1 −1 1 0 1 −1)
(0 0 0 1 1 1) ! ( 0 −1 −1 1 0 1)
(1 1 1 1 0 0) ! ( 1 1 0 0 −1 0)
(1 0 1 1 1 0) ! ( 1 −1 0 0 1 −1)
(0 1 1 1 1 0) ! (−1 1 1 −1 1 −1)
(0 1 0 1 1 1) ! ( 0 1 −1 0 0 1)
(0 0 1 1 1 1) ! (−1 −1 1 0 0 1)
(1 1 1 1 1 0) ! ( 1 1 0 −1 1 −1)
(1 0 1 1 1 1) ! ( 1 −1 0 0 0 1)
(0 1 1 1 1 1) ! (−1 1 1 −1 0 1)
(0 1 1 2 1 0) ! (−1 0 0 1 0 −1)
(1 1 1 1 1 1) ! ( 1 1 0 −1 0 1)
(0 1 1 2 1 1) ! (−1 0 0 1 −1 1)
(1 1 1 2 1 0) ! ( 1 0 −1 1 0 −1)
(1 1 1 2 1 1) ! ( 1 0 −1 1 −1 1)
(0 1 1 2 2 1) ! (−1 0 0 0 1 0)
(1 1 2 2 1 0) ! ( 0 0 1 0 0 −1)
(1 1 1 2 2 1) ! ( 1 0 −1 0 1 0)
(1 1 2 2 1 1) ! ( 0 0 1 0 −1 1)
(1 1 2 2 2 1) ! ( 0 0 1 −1 1 0)
(1 1 2 3 2 1) ! ( 0 −1 0 1 0 0)
(1 2 2 3 2 1) ! ( 0 1 0 0 0 0)
A.3 Positive roots of E7
(1 0 0 0 0 0 0) ! ( 2 0 −1 0 0 0 0)
(0 1 0 0 0 0 0) ! ( 0 2 0 −1 0 0 0)
(0 0 1 0 0 0 0) ! (−1 0 2 −1 0 0 0)
(0 0 0 1 0 0 0) ! ( 0 −1 −1 2 −1 0 0)
(0 0 0 0 1 0 0) ! ( 0 0 0 −1 2 −1 0)
(0 0 0 0 0 1 0) ! ( 0 0 0 0 −1 2 −1)
(0 0 0 0 0 0 1) ! ( 0 0 0 0 0 −1 2)
(1 0 1 0 0 0 0) ! ( 1 0 1 −1 0 0 0)
(0 1 0 1 0 0 0) ! ( 0 1 −1 1 −1 0 0)
(0 0 1 1 0 0 0) ! (−1 −1 1 1 −1 0 0)
(0 0 0 1 1 0 0) ! ( 0 −1 −1 1 1 −1 0)
(0 0 0 0 1 1 0) ! ( 0 0 0 −1 1 1 −1)
(0 0 0 0 0 1 1) ! ( 0 0 0 0 −1 1 1)
(1 0 1 1 0 0 0) ! ( 1 −1 0 1 −1 0 0)
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(0 1 1 1 0 0 0) ! (−1 1 1 0 −1 0 0)
(0 1 0 1 1 0 0) ! ( 0 1 −1 0 1 −1 0)
(0 0 1 1 1 0 0) ! (−1 −1 1 0 1 −1 0)
(0 0 0 1 1 1 0) ! ( 0 −1 −1 1 0 1 −1)
(0 0 0 0 1 1 1) ! ( 0 0 0 −1 1 0 1)
(1 1 1 1 0 0 0) ! ( 1 1 0 0 −1 0 0)
(1 0 1 1 1 0 0) ! ( 1 −1 0 0 1 −1 0)
(0 1 1 1 1 0 0) ! (−1 1 1 −1 1 −1 0)
(0 1 0 1 1 1 0) ! ( 0 1 −1 0 0 1 −1)
(0 0 1 1 1 1 0) ! (−1 −1 1 0 0 1 −1)
(0 0 0 1 1 1 1) ! ( 0 −1 −1 1 0 0 1)
(1 1 1 1 1 0 0) ! ( 1 1 0 −1 1 −1 0)
(1 0 1 1 1 1 0) ! ( 1 −1 0 0 0 1 −1)
(0 1 1 1 1 1 0) ! (−1 1 1 −1 0 1 −1)
(0 1 0 1 1 1 1) ! ( 0 1 −1 0 0 0 1)
(0 0 1 1 1 1 1) ! (−1 −1 1 0 0 0 1)
(0 1 1 2 1 0 0) ! (−1 0 0 1 0 −1 0)
(1 1 1 1 1 1 0) ! ( 1 1 0 −1 0 1 −1)
(1 0 1 1 1 1 1) ! ( 1 −1 0 0 0 0 1)
(0 1 1 1 1 1 1) ! (−1 1 1 −1 0 0 1)
(0 1 1 2 1 1 0) ! (−1 0 0 1 −1 1 −1)
(1 1 1 2 1 0 0) ! ( 1 0 −1 1 0 −1 0)
(1 1 1 1 1 1 1) ! ( 1 1 0 −1 0 0 1)
(1 1 1 2 1 1 0) ! ( 1 0 −1 1 −1 1 −1)
(0 1 1 2 1 1 1) ! (−1 0 0 1 −1 0 1)
(0 1 1 2 2 1 0) ! (−1 0 0 0 1 0 −1)
(1 1 2 2 1 0 0) ! ( 0 0 1 0 0 −1 0)
(1 1 1 2 1 1 1) ! ( 1 0 −1 1 −1 0 1)
(1 1 1 2 2 1 0) ! ( 1 0 −1 0 1 0 −1)
(1 1 2 2 1 1 0) ! ( 0 0 1 0 −1 1 −1)
(0 1 1 2 2 1 1) ! (−1 0 0 0 1 −1 1)
(1 1 2 2 1 1 1) ! ( 0 0 1 0 −1 0 1)
(1 1 2 2 2 1 0) ! ( 0 0 1 −1 1 0 −1)
(1 1 1 2 2 1 1) ! ( 1 0 −1 0 1 −1 1)
(0 1 1 2 2 2 1) ! (−1 0 0 0 0 1 0)
(1 1 2 2 2 1 1) ! ( 0 0 1 −1 1 −1 1)
(1 1 1 2 2 2 1) ! ( 1 0 −1 0 0 1 0)
(1 1 2 3 2 1 0) ! ( 0 −1 0 1 0 0 −1)
(1 1 2 2 2 2 1) ! ( 0 0 1 −1 0 1 0)
(1 2 2 3 2 1 0) ! ( 0 1 0 0 0 0 −1)
(1 1 2 3 2 1 1) ! ( 0 −1 0 1 0 −1 1)
(1 1 2 3 2 2 1) ! ( 0 −1 0 1 −1 1 0)
(1 2 2 3 2 1 1) ! ( 0 1 0 0 0 −1 1)
(1 1 2 3 3 2 1) ! ( 0 −1 0 0 1 0 0)
(1 2 2 3 2 2 1) ! ( 0 1 0 0 −1 1 0)
(1 2 2 3 3 2 1) ! ( 0 1 0 −1 1 0 0)
(1 2 2 4 3 2 1) ! ( 0 0 −1 1 0 0 0)
(1 2 3 4 3 2 1) ! (−1 0 1 0 0 0 0)
(2 2 3 4 3 2 1) ! ( 1 0 0 0 0 0 0)
A.4 Positive roots of E8
(1 0 0 0 0 0 0 0) ! ( 2 0 −1 0 0 0 0 0)
(0 1 0 0 0 0 0 0) ! ( 0 2 0 −1 0 0 0 0)
(0 0 1 0 0 0 0 0) ! (−1 0 2 −1 0 0 0 0)
(0 0 0 1 0 0 0 0) ! ( 0 −1 −1 2 −1 0 0 0)
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(0 0 0 0 1 0 0 0) ! ( 0 0 0 −1 2 −1 0 0)
(0 0 0 0 0 1 0 0) ! ( 0 0 0 0 −1 2 −1 0)
(0 0 0 0 0 0 1 0) ! ( 0 0 0 0 0 −1 2 −1)
(0 0 0 0 0 0 0 1) ! ( 0 0 0 0 0 0 −1 2)
(1 0 1 0 0 0 0 0) ! ( 1 0 1 −1 0 0 0 0)
(0 1 0 1 0 0 0 0) ! ( 0 1 −1 1 −1 0 0 0)
(0 0 1 1 0 0 0 0) ! (−1 −1 1 1 −1 0 0 0)
(0 0 0 1 1 0 0 0) ! ( 0 −1 −1 1 1 −1 0 0)
(0 0 0 0 1 1 0 0) ! ( 0 0 0 −1 1 1 −1 0)
(0 0 0 0 0 1 1 0) ! ( 0 0 0 0 −1 1 1 −1)
(0 0 0 0 0 0 1 1) ! ( 0 0 0 0 0 −1 1 1)
(1 0 1 1 0 0 0 0) ! ( 1 −1 0 1 −1 0 0 0)
(0 1 1 1 0 0 0 0) ! (−1 1 1 0 −1 0 0 0)
(0 1 0 1 1 0 0 0) ! ( 0 1 −1 0 1 −1 0 0)
(0 0 1 1 1 0 0 0) ! (−1 −1 1 0 1 −1 0 0)
(0 0 0 1 1 1 0 0) ! ( 0 −1 −1 1 0 1 −1 0)
(0 0 0 0 1 1 1 0) ! ( 0 0 0 −1 1 0 1 −1)
(0 0 0 0 0 1 1 1) ! ( 0 0 0 0 −1 1 0 1)
(1 1 1 1 0 0 0 0) ! ( 1 1 0 0 −1 0 0 0)
(1 0 1 1 1 0 0 0) ! ( 1 −1 0 0 1 −1 0 0)
(0 1 1 1 1 0 0 0) ! (−1 1 1 −1 1 −1 0 0)
(0 1 0 1 1 1 0 0) ! ( 0 1 −1 0 0 1 −1 0)
(0 0 1 1 1 1 0 0) ! (−1 −1 1 0 0 1 −1 0)
(0 0 0 1 1 1 1 0) ! ( 0 −1 −1 1 0 0 1 −1)
(0 0 0 0 1 1 1 1) ! ( 0 0 0 −1 1 0 0 1)
(1 1 1 1 1 0 0 0) ! ( 1 1 0 −1 1 −1 0 0)
(1 0 1 1 1 1 0 0) ! ( 1 −1 0 0 0 1 −1 0)
(0 1 1 1 1 1 0 0) ! (−1 1 1 −1 0 1 −1 0)
(0 1 0 1 1 1 1 0) ! ( 0 1 −1 0 0 0 1 −1)
(0 0 1 1 1 1 1 0) ! (−1 −1 1 0 0 0 1 −1)
(0 0 0 1 1 1 1 1) ! ( 0 −1 −1 1 0 0 0 1)
(0 1 1 2 1 0 0 0) ! (−1 0 0 1 0 −1 0 0)
(1 1 1 1 1 1 0 0) ! ( 1 1 0 −1 0 1 −1 0)
(1 0 1 1 1 1 1 0) ! ( 1 −1 0 0 0 0 1 −1)
(0 1 1 1 1 1 1 0) ! (−1 1 1 −1 0 0 1 −1)
(0 1 0 1 1 1 1 1) ! ( 0 1 −1 0 0 0 0 1)
(0 0 1 1 1 1 1 1) ! (−1 −1 1 0 0 0 0 1)
(0 1 1 2 1 1 0 0) ! (−1 0 0 1 −1 1 −1 0)
(1 1 1 2 1 0 0 0) ! ( 1 0 −1 1 0 −1 0 0)
(1 1 1 1 1 1 1 0) ! ( 1 1 0 −1 0 0 1 −1)
(1 0 1 1 1 1 1 1) ! ( 1 −1 0 0 0 0 0 1)
(0 1 1 1 1 1 1 1) ! (−1 1 1 −1 0 0 0 1)
(1 1 1 2 1 1 0 0) ! ( 1 0 −1 1 −1 1 −1 0)
(0 1 1 2 1 1 1 0) ! (−1 0 0 1 −1 0 1 −1)
(0 1 1 2 2 1 0 0) ! (−1 0 0 0 1 0 −1 0)
(1 1 2 2 1 0 0 0) ! ( 0 0 1 0 0 −1 0 0)
(1 1 1 1 1 1 1 1) ! ( 1 1 0 −1 0 0 0 1)
(1 1 1 2 1 1 1 0) ! ( 1 0 −1 1 −1 0 1 −1)
(1 1 1 2 2 1 0 0) ! ( 1 0 −1 0 1 0 −1 0)
(1 1 2 2 1 1 0 0) ! ( 0 0 1 0 −1 1 −1 0)
(0 1 1 2 1 1 1 1) ! (−1 0 0 1 −1 0 0 1)
(0 1 1 2 2 1 1 0) ! (−1 0 0 0 1 −1 1 −1)
(1 1 1 2 1 1 1 1) ! ( 1 0 −1 1 −1 0 0 1)
(0 1 1 2 2 1 1 1) ! (−1 0 0 0 1 −1 0 1)
(1 1 2 2 1 1 1 0) ! ( 0 0 1 0 −1 0 1 −1)
(1 1 2 2 2 1 0 0) ! ( 0 0 1 −1 1 0 −1 0)
(1 1 1 2 2 1 1 0) ! ( 1 0 −1 0 1 −1 1 −1)
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(0 1 1 2 2 2 1 0) ! (−1 0 0 0 0 1 0 −1)
(0 1 1 2 2 2 1 1) ! (−1 0 0 0 0 1 −1 1)
(1 1 2 2 1 1 1 1) ! ( 0 0 1 0 −1 0 0 1)
(1 1 1 2 2 1 1 1) ! ( 1 0 −1 0 1 −1 0 1)
(1 1 2 2 2 1 1 0) ! ( 0 0 1 −1 1 −1 1 −1)
(1 1 1 2 2 2 1 0) ! ( 1 0 −1 0 0 1 0 −1)
(1 1 2 3 2 1 0 0) ! ( 0 −1 0 1 0 0 −1 0)
(1 1 2 2 2 1 1 1) ! ( 0 0 1 −1 1 −1 0 1)
(1 1 1 2 2 2 1 1) ! ( 1 0 −1 0 0 1 −1 1)
(0 1 1 2 2 2 2 1) ! (−1 0 0 0 0 0 1 0)
(1 1 2 2 2 2 1 0) ! ( 0 0 1 −1 0 1 0 −1)
(1 2 2 3 2 1 0 0) ! ( 0 1 0 0 0 0 −1 0)
(1 1 2 3 2 1 1 0) ! ( 0 −1 0 1 0 −1 1 −1)
(1 1 2 3 2 1 1 1) ! ( 0 −1 0 1 0 −1 0 1)
(1 1 2 2 2 2 1 1) ! ( 0 0 1 −1 0 1 −1 1)
(1 1 1 2 2 2 2 1) ! ( 1 0 −1 0 0 0 1 0)
(1 1 2 3 2 2 1 0) ! ( 0 −1 0 1 −1 1 0 −1)
(1 2 2 3 2 1 1 0) ! ( 0 1 0 0 0 −1 1 −1)
(1 2 2 3 2 1 1 1) ! ( 0 1 0 0 0 −1 0 1)
(1 1 2 3 2 2 1 1) ! ( 0 −1 0 1 −1 1 −1 1)
(1 1 2 2 2 2 2 1) ! ( 0 0 1 −1 0 0 1 0)
(1 1 2 3 3 2 1 0) ! ( 0 −1 0 0 1 0 0 −1)
(1 2 2 3 2 2 1 0) ! ( 0 1 0 0 −1 1 0 −1)
(1 2 2 3 2 2 1 1) ! ( 0 1 0 0 −1 1 −1 1)
(1 1 2 3 3 2 1 1) ! ( 0 −1 0 0 1 0 −1 1)
(1 1 2 3 2 2 2 1) ! ( 0 −1 0 1 −1 0 1 0)
(1 2 2 3 3 2 1 0) ! ( 0 1 0 −1 1 0 0 −1)
(1 2 2 3 3 2 1 1) ! ( 0 1 0 −1 1 0 −1 1)
(1 2 2 3 2 2 2 1) ! ( 0 1 0 0 −1 0 1 0)
(1 1 2 3 3 2 2 1) ! ( 0 −1 0 0 1 −1 1 0)
(1 2 2 4 3 2 1 0) ! ( 0 0 −1 1 0 0 0 −1)
(1 2 2 4 3 2 1 1) ! ( 0 0 −1 1 0 0 −1 1)
(1 2 2 3 3 2 2 1) ! ( 0 1 0 −1 1 −1 1 0)
(1 1 2 3 3 3 2 1) ! ( 0 −1 0 0 0 1 0 0)
(1 2 3 4 3 2 1 0) ! (−1 0 1 0 0 0 0 −1)
(1 2 3 4 3 2 1 1) ! (−1 0 1 0 0 0 −1 1)
(1 2 2 4 3 2 2 1) ! ( 0 0 −1 1 0 −1 1 0)
(1 2 2 3 3 3 2 1) ! ( 0 1 0 −1 0 1 0 0)
(2 2 3 4 3 2 1 0) ! ( 1 0 0 0 0 0 0 −1)
(2 2 3 4 3 2 1 1) ! ( 1 0 0 0 0 0 −1 1)
(1 2 3 4 3 2 2 1) ! (−1 0 1 0 0 −1 1 0)
(1 2 2 4 3 3 2 1) ! ( 0 0 −1 1 −1 1 0 0)
(2 2 3 4 3 2 2 1) ! ( 1 0 0 0 0 −1 1 0)
(1 2 3 4 3 3 2 1) ! (−1 0 1 0 −1 1 0 0)
(1 2 2 4 4 3 2 1) ! ( 0 0 −1 0 1 0 0 0)
(2 2 3 4 3 3 2 1) ! ( 1 0 0 0 −1 1 0 0)
(1 2 3 4 4 3 2 1) ! (−1 0 1 −1 1 0 0 0)
(1 2 3 5 4 3 2 1) ! (−1 −1 0 1 0 0 0 0)
(2 2 3 4 4 3 2 1) ! ( 1 0 0 −1 1 0 0 0)
(1 3 3 5 4 3 2 1) ! (−1 1 0 0 0 0 0 0)
(2 2 3 5 4 3 2 1) ! ( 1 −1 −1 1 0 0 0 0)
140 K Paramasamy
(2 3 3 5 4 3 2 1) ! ( 1 1 −1 0 0 0 0 0)
(2 2 4 5 4 3 2 1) ! ( 0 −1 1 0 0 0 0 0)
(2 3 4 5 4 3 2 1) ! ( 0 1 1 −1 0 0 0 0)
(2 3 4 6 4 3 2 1) ! ( 0 0 0 1 −1 0 0 0)
(2 3 4 6 5 3 2 1) ! ( 0 0 0 0 1 −1 0 0)
(2 3 4 6 5 4 2 1) ! ( 0 0 0 0 0 1 −1 0)
(2 3 4 6 5 4 3 1) ! ( 0 0 0 0 0 0 1 −1)
(2 3 4 6 5 4 3 2) ! ( 0 0 0 0 0 0 0 1)
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